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ABSTRACT 
This r e p o r t  p re sen t s  a s tudy of t h e  in f luence  of geometr ic  
n o n l i n e a r i t i e s  on t h e  stresses and buckl ing  p res su res  of bo th  t h e  
o r i g i n a l  and t h e  sca l loped  a f t  heat s h i e l d  of the  Apollo Spacecraf t .  
This  i s  t h e  f i r s t  s u c c e s s f u l  non l inea r  a n a l y s i s  of t h i s  s t r u c t u r e .  
The r e s u l t s  show t h a t  geometr ic  n o n l i n e a r i t i e s  are important  when 
t h e  load  is  app l i ed  over a l a r g e  area. The c a l c u l a t e d  buckl ing  
loads  are above those a n t i c i p a t e d  du r ing  water impact. The stresses 
i n  t h e  f a c e  s h e e t s  are h igh  b u t  ag ree  w e l l  w i th  va lues  measured 
exper imenta l ly .  A paper pe r t a in ing  t o  t h i s  r e sea rch  w i l l  b e  pre- 
s e n t e d  a t  the  Air Force 2nd conference on Matr ix  Methods i n  
S t r u c t u r a l  Mechanics t o  be  h e l d  a t  Wright-Patterson A i r  Force Base, 
October 15-17, 1968. 
INTRODUCTION 
The o r i g i n a l  v e r s i o n  of t h e  a f t  h e a t  s h i e l d  was of s t a i n l e s s  s tee l  
honeycomb cons t ruc t ion  wi th  f a c e  s h e e t s  of .008" t h i ckness .  How- 
ever, s t r u c t u r a l  damage w a s  encountered dur ing  tank- tes t ing  and 
t h e  h e a t  s h i e l d  w a s  modified by s c a l l o p i n g  as shown i n  Fig. 1. 
I n  an  e f f o r t  t o  v e r i f y  t h e  s t r u c t u r a l  i n t e g r i t y  of t h e  
1 2 
s c a l l o p e d  h e a t  s h i e l d ,  Bell Aerosystems Company and Stebbins  
conducted ana lyses  using the  a v a i l a b l e  f i n i t e  element techniques.  
These inc luded  s t a t i c ,  thermal ,  dynamic, and s t a b i l i t y  ana lyses .  
However, none of t h e s e  ana lyses  inc luded  t h e  e f f e c t s  due t o  l a r g e  
. *  
d e f l e c t i o n s  . 
I t, 
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The Manned Spacecraf t  Center employed Budiansky and Sanders 
t o  review t h e  work of B e l l  Aerosystems Company and of North American 
Aviat ion and t o  make recommendations of f u r t h e r  s t u d i e s  t o  v e r i f y  
t h e  s t r u c t u r a l  i n t e g r i t y  of t h e  a f t  h e a t  s h i e l d  during water impac t .  
One of t h e  recommendations w a s  t h a t  t h e  e f f e c t s  of l a r g e  d e f l e c t i o n s  
be  inc luded ,  e s p e c i a l l y  i n  t h e  s t a b i l i t y  a n a l y s i s .  
A s  a r e s u l t  of t h i s  consu l t a t ion  t h e  Manned Spacec ra f t  Center 
p laced  a c o n t r a c t  w i t h  B e l l  Aerosystems Company f o r  a s t a b i l i t y  
a n a l y s i s  u s ing  l a r g e  d e f l e c t i o n  theory.  
unsuccessfu l  and D r .  S tebbins  of t h e  Manned Spacec ra f t  Center re- 
The research  was, however, 
ques t ed  t h a t  Texas A&M Univers i ty  conduct t h e  s t a b i l i t y  a n a l y s i s  
under  NASA Grant NGR 44-001-044. This  r e p o r t  p r e s e n t s  t h e  r e s u l t s  
of t h e  i n v e s t i g a t i o n .  
THEORETICAL APPROACH 
A paper4 on t h i s  r e sea rch  has  been accepted f o r  p r e s e n t a t i o n  
at t h e  Air Force 2nd Conference on Matrix Methods i n  S t r u c t u r a l  
Mechanics t o  be  h e l d  at Wright-Patterson A i r  Force Base, Octo- 
b e r  15-17, 1968. Only an o u t l i n e  of t he  theory i s  presented  here .  
The displacements  of a curved s h e l l  element are represented  
by polynomials i n  the  meridional  d i s t a n c e  and a Four ie r  series 
i n  the  c i r c u m f e r e n t i a l  angle’. For s h e l l s  of r e v o l u t i o n  wi th  
symmetrical s t i f f n e s s  p rope r t i e s  o r thogona l i ty  of t he  Four i e r  terms 
results i n  t h e  uncoupling of the va r ious  harmonics. However 
f o r  s h e l l s  wi th  asymmetrical  s t i f f n e s s  p r o p e r t i e s  such as t h e  
I 
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Apollo a f t  h e a t  s h i e l d  a l l  harmonics are coupled. 
t o  an element s t i f f n e s s  matrix of o r d e r  8 N  x 8 N  where N i s  the  num- 
b e r  of harmonics. Thus f o r  seventeen harmonics, t h e  maximum allowed 
i n  t h e  computer code, t he  element s t i f f n e s s  ma t r ix  i s  of o r d e r  
136 by 136. 
t h e  8 x 8 s t i f f n e s s  ma t r ix  represent ing  t h e  coupl ing between any 
two harmonics. 
b e r s  and through s i g n  changes t o  account f o r  s i n e  terms i n  t h e  Four ie r  
expansion t h e  e n t i r e  element s t i f f n e s s  mat r ix  may be eva lua ted .  The 
element s t i f f n e s s  ma t r ix  conta ins  t e r m s  which must b e  i n t e g r a t e d  
over  t h e  l eng th  of t h e  element and around t h e  circumference.  The 
i n t e g r a l s  over  t h e  meridional  length  of t h e  element are eva lua ted  
numer ica l ly  wh i l e  t h e  i n t e g r a l s  around t h e  circumference are eva lua ted  
e x a c t l y .  This  l a t t e r  i n t e g r a t i o n  i s  performed by f i r s t  expanding t h e  
s h e l l  t h i ckness  i n  a Four ie r  series. This  expansion i s  independent 
of t h e  expansion used f o r  the  d e f l e c t i o n s  which al lows a d i f f e r e n t  
number of terms t o  be  used. The element s t i f f n e s s  matrices are 
combined i n  t h e  usua l  way t o  o b t a i n  t h e  s t i f f n e s s  mat r ix  f o r  t h e  
s h e l l .  
This  g ives  r ise 
This  element s t i f f n e s s  ma t r ix  i s  der ived  by eva lua t ing  
Then by an o rde r ly  in te rchange  of t h e  harmonic num- 
The non l inea r  a n a l y s i s  fol lows t h e  same procedure presented  
i n  Ref. 4 .  However, i n  t h i s  case  t h e  th i ckness  of t h e  s h e l l  depends 
on t h e  c i r c u m f e r e n t i a l  angle  and r equ i r e s  the  eva lua t ion  of fou r th  
o r d e r  s i n e  and cos ine  func t ions  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n .  
i 
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The s o l u t i o n  procedure i s  q u i t e  s imi la r  t o  t h e  p r e d i c t o r  
c o r r e c t o r  method. The con t r ibu t ion  t o  the  genera l ized  f o r c e s  
by t h e  nonl inear  terms is  est imated by an e x t r a p o l a t i o n  pro- 
cedure and then i t e r a t i o n  i s  appl ied u n t i l  convergence occurs .  
Thus, t h e  s o l u t i o n  is  ob ta ined  f o r  a sequence of i n c r e a s i n g  loads .  
The computer code was w r i t t e n  p r imar i ly  f o r  t h e  non l inea r  
stress a n a l y s i s .  However, buckl ing loads  may be  obta ined  as a 
l i m i t i n g  case. The program w i l l  cont inue  t o  y i e l d  s o l u t i o n s  
f o r  i nc reas ing  loads  u n t i l  a load i s  reached where divergence 
occurs .  This  i n d i c a t e s  t h a t  the i t e r a t i o n  procedure is  seeking 
a s o l u t i o n  t o  t h e  buckled s h e l l ,  The a c t u a l  buckl ing load  i s  
obta ined  by p l o t t i n g  t h e  load-def lec t ion  curve and e x t r a p o l a t i n g  
t o  a load  where t h e  curve becomes h o r i z o n t a l .  
RESULTS 
O r i g i n a l  Heat Sh ie ld  
The o r i g i n a l  h e a t  s h i e l d  was i d e a l i z e d  as a sha l low s p h e r i c a l  
cap clamped a t  the b o l t  c i r c l e .  
t h e  apex over  a wet ted area w i t h  a 20" r ad ius .  
The load  was appl ied  a t  15' from 
Figure  2 p r e s e n t s  a p l o t  of t h e  maximum mer id iona l  stress i n  
t h e  f a c e  s h e e t s  as a func t ion  of t h e  p re s su re  app l i ed  t o  t h e  
we t t ed  area. The p res su re  encountered during water  impact f o r  
t h i s  wet ted  area is  es t imated  t o  b e  150 p s i .  
Examination of Fig. 2 revea ls  t h a t  t h e  maximum stress i s  n o t  
h i g h l y  non l inea r  f o r  t h i s  p a r t i c u l a r  loading.  An examination of 
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t h e  stress va lues  r e v e a l s ,  however, t h a t  t h e  p ropor t iona l  l i m i t  
of t h e  s t a i n l e s s  s t e e l  f a c e  s h e e t s  i s  exceeded a t  a r a t h e r  low 
va lue  of t h e  loading.  S imi la r  r e s u l t s  were obta ined  f o r  o t h e r  
loadings .  
Sca l loped  Heat Shie ld  
A s  discussed  i n  t h e  in t roduc t ion  t h e  o r i g i n a l  a n a l y s i s  
w a s  conducted by personnel  a t  Bel l  Aerosystems Company. I n  t h a t  
a n a l y s i s  i t  w a s  assumed t h a t  l i n e a r  theory  appl ied  f o r  a l l  
loadings .  
n o n l i n e a r i t i e s  are included.  
This  r e p o r t  p re sen t s  r e s u l t s  ob ta ined  when geometric 
During "splashdown" the  p re s su res  on t h e  a f t  h e a t  s h i e l d  
are very  h i g h  a t  t h e  edge of t he  we t t ed  area and decrease  to-  
wards t h e  cen te r .  Fur ther ,  t h e  loads  vary  q u i t e  r a p i d l y  w i t h  
t i m e  which impl ies  s i g n i f i c a n t  dynamic fo rces .  However, s i n c e  
t h e  o b j e c t i v e  of t h i s  research  is  t o  a s c e r t a i n  t h e  in f luence  
of  geometr ic  n o n l i n e a r i t i e s ,  i t  was decided t h a t  t h e  a c t u a l  
l oad ing  may be  approximated as a uniform s t a t i c  load over  a 
s p e c i f i e d  wet ted  area. Fur the r ,  t h i s  i s  t h e  same approximation 
used by B e l l  Aerosystems Company. 
The ana lyses  were conducted f o r  four  d i f f e r e n t  loadings .  
The f i r s t  i s  f o r  a cen te r  of impact a t  1.5' from t h e  apex and 
over  a wet ted  area wi th  a 20" rad ius .  The o t h e r  t h r e e  are 
f o r  a c e n t e r  of impact a t  10  and w i t h  r a d i i  f o r  t h e  wet ted  area 
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The r e s u l t s  f o r  the  maximum disp lacements ,  maximum stress i n  t h e  
f a c e  s h e e t s ,  and maximum t ransverse  s h e a r  f o r c e  are presented  i n  
Fig.  3-8. The buckl ing  loads  and s t r e s s e s  a t  t h e  a n t i c i p a t e d  load- 
210 100 
i n g  are summarized i n  Table  1. 
Table I Buckling P res su res  and 
S t r e s s e s  f o r  Scal loped Heat Sh ie ld  
Buckling P res su re  Radius 
( i n . )  
Gal 1 agher 
(Linear)  Research 
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*Linear So lu t ion  
Comparing t h e  nonl inear  r e s u l t s  f o r  t h e  buckl ing p res su res  t o  
those  g iven  by Gal lagher  based on l i n e a r  theory ,  i t  i s  observed 
t h a t  n o n l i n e a r i t i e s  are not  s i g n i f i c a n t  when t h e  p re s su re  is  app l i ed  
I 
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over  a s m a l l  area b u t  q u i t e  s i g n i f i c a n t  f o r  a we t t ed  area wi th  a 
40" rad ius .  
are above those  a n t i c i p a t e d  during water  impact.  
It  is  a l s o  noted tha t  a l l  c a l c u l a t e d  buckl ing  p res su res  
In  the  l i n e a r  a n a l y s i s  Gallagher assumed t h a t  geometr ic  
n o n l i n e a r i t i e s  would reduce t h e  c r i t i c a l  p r e s s u r e  by 50%. The 
r e s u l t s  i n  Table 1 shows t h a t  t h i s  estimate is  conserva t ive  f o r  
l o c a l i z e d  loadings  and approximately c o r r e c t  when t h e  p re s su re  
is  d i s t r i b u t e d  ove r  a l a r g e  area.  
The i n c l u s i o n  of dynamic forces  w i l l  probably lower the  
buckl ing  p res su re  whereas the  a c t u a l  load  d i s t r i b u t i o n  w i l l  
tend t o  i n c r e a s e  the  buckl ing  load. Thus, t he  two e f f e c t s  
t end  t o  coun te rac t  each o t h e r .  The e f f e c t  of s m a l l  i n i t i a l  
imperfec t ions  i s  l i k e l y  i n s i g n i f i c a n t  because of  t h e  r a t h e r  
l a r g e  th i ckness  of t h e  a f t  h e a t  s h i e l d .  
The l a s t  two columns i n  Table I p r e s e n t  t h e  va lues  of 
t h e  maximum mer id iona l  stress and t r ansve r se  s h e a r  f o r c e  a t  
t h e  a n t i c i p a t e d  loads .  
occur red  a t  t h e  b o l t  c i rc le  i n  two cases. These s h e a r  loads  
are considered t o  be w i t h i n  t h e  a l lowable  va lues .  
The maximum t r a n s v e r s e  s h e a r  f o r c e  
The maximum mer id iona l  s t r e s s  i n  t h e  f a c e  s h e e t  occurs  
n e a r  t h e  inboard  edge of the  wetted area. Thus f o r  t he  40" 
r ad ius  we t t ed  area t h e  maximum stress occurs  nea r  t h e  apex. 
A f a c e  s h e e t  t h i ckness  of .05" was assumed n e a r  t h e  apex 
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i n  t h e  computation of stresses. It is noted t h a t  t h e  maximum 
stress i s  high.  However, i t  i s  below t h e  a l lowable  va lues  and 
w e l l  w i t h i n  the  range of va lues  measured exper imenta l ly .  
CONCLUSION 
The recommendation of Budiansky and Sanders t o  i n v e s t i g a t e  
t h e  e f f e c t s  of geometr ic  n o n l i n e a r i t i e s  has  been followed. 
e f f e c t  i s  unimportant f o r  l o c a l i z e d  loadings  b u t  q u i t e  s i g n i f i c a n t  
f o r  loads app l i ed  over  a l a r g e  area.  It is  concluded t h a t  t h e  
a f t  h e a t  s h i e l d  w i l l  n o t  buckle  under a n t i c i p a t e d  loads  b u t  t h a t  
t h e  l a r g e  va lues  of t h e  computed stresses f u l l y  j u s t i f y  the  ex- 
t e n s i v e  experimental  program c u r r e n t l y  underway a t  t h e  Manned 
Spacec ra f t  Center.  
This  
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